Abstract. In this paper, we prove the conjectural endoscopic character identities for tempered representations of metaplectic group M p 2n based on the formalism of endoscopy theory by J.
Introduction
Recently, in a series of papers [Li12b, Li12a, Li14b, Li13, Li14a] , W.W. Li has established the invariant trace formula for finite central covering groups in the spirit of the formulation of Arthur's trace formula. In particular, motivated by J. Adams and D. Renard's work on developing an endoscopy theory for M p(2n, R), W.W. Li (see [Li11, Li15] ) has built up an almost complete endoscopy theory which places M p(2n) in the framework of the Langlands program. On the other hand, Howe's theta correspondence theory plays an essential role in the study of (automorphic) representations of M p(2n) and has produced fruitful developments. More specifically, the local Langlands correspondence for M p(2n)(R) has been established by J. Adams and D. Barbasch in [AB98] , and almost 20 years later, the p-adic version was obtained by Gan and Savin in [GS12] . In view of these, parallel to Arthur's work in his monumental book [Art13] , it is not surprising to expect and explore the following two fundamental "theorems":
• Endoscopic character identities for M p(2n),
• Multiplicity formula of L 2 disc (Sp(2n,Ḟ ) M p(2n, A)) (Arthur's conjecture). Along the lines of Arthur's standard model argument, W.W. Li in [GL16] proposed a strategy to tackle the above two problems, and formulated a conjecture for the desired form of the endoscopic character identities which is compatible with Waldspurger's influential work on M p(2) (cf. [Wal80, Wal91] ). On the other hand, based on the powerful tool of theta correspondence, Gan and Ichino has worked out the elliptic tempered part of L 2 disc (Sp(2n)(Ḟ ) M p(2n)(A)) in the sense of Arthur's A-packet (cf. [GI17] ), whereḞ is a global field and A = AḞ is the associated Adèle ring. Note that the endoscopic character identity over R has been proved by D. Renard (cf. [Ren99] ), but it has not yet been expressed in the form of characters of component groups. Note also that the elliptic stable trace formula has been laid down by W.W. Li in [Li15] and the spherical fundamental lemma has been established in [Luoar] . In view of these facts, we may apply a local-global argument via Arthur's stable multiplicity formula to tackle the endoscopic character identity problem once the real case is reformulated to fit into the global argument. In fact, this is exactly what we will do in this paper. Herein we would like to mention that J. Schultz's PhD thesis has established the endoscopic character identities for M p(2) (cf. [Sch98] ), and T. Howard has proved the compatibility property of parabolic induction for the principal endoscopic group (cf. [How10] ). In what follows, let us briefly recall the conjectural endoscopic character identities for M p(2n) formulated by W.W. Li in [GL16] .
Let F be a local field of characteristic 0. Fix a non-trivial character ψ of F and let Sp On the other hand, theta correspondence gives rise to the following bijective maps obtained by Gan-Savin for non-archimedean fields and Adams-Barbasch for the real archimedean field, i.e.
where • V n runs over all 2n + 1-dimensional quadratic spaces of fixed discriminant over F ;
• IrrG is the set of isomorphism classes of irreducible genuine representations ofG, and
Irr SO(V n ) is the set of isomorphism classes of irreducible representations of SO(V n ). Combining with the local Langlands correspondence (abbreviated as LLC) for SO(2n + 1) (due to Arthur and Moeglin for non-archimedean fields, and to Langlands and Shelstad for archimedean fields), one gets a LLC forG:
IrrG ←→ {(φ, η)} where
is an L-parameter for SO(2n + 1);
• η ∈ Irr A φ with A φ = π 0 (Z Sp2n (Im(φ))) the component group of φ.
Thus, given a tempered φ, we have an associated local L-packet
Now we may state the conjectural endoscopic character identities as follows.
Main Theorem. Given a tempered L-parameter φ ofG and an s ∈ Z Sp(2n) (Im(φ)) with s where Θ π is the normalized character distribution of π. Then we have the following local character identity: T ransG Hs (Θ φ ′ ×φ ′′ ) = (1 2, φ ′′ , ψ)
where T ransG Hs is the endoscopic transfer of stable distribution of H s to genuine invariant distribution ofG.
Let us end the introduction by giving a brief outline of this article. In section 2, we will recall the local Langlands correspondence for M p(2n) via theta correspondence from SO(2n + 1), and check the compatibility of Shelstad and Arthur's local Langlands correspondence for discrete series representations of SO(2n + 1)(R) with J. Adams' version (cf [Ada10] ). The LLC for M p(2n) plays an important role in the procedure of reinterpreting D. Renard's results in terms of characters of component groups. In section 3, we will recall the endoscopy theory laid down by W.W. Li, and the stable trace formula for H s (due to Arthur) and the stable elliptic trace formula forG (due to W.W. Li) which we would use later on. The last three sections are devoted to the proof of the Main Theorem.
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Notations and Facts
• Let F be a local field of characteristic 0, and ψ F ∶ F → S 1 a non-trivial character of conductor O F .
• Let W F be the Weil group of F , and W D F = W F × SL 2 (C) the Weil-Deligne group.
• LetḞ be a number field, and A the associated Adèle ring. Fix a non-trivial character
Denote by VḞ (V ∞ resp.) the set of (archimedean resp.) places ofḞ .
• Let W be a symplectic vector space and fix a complete polarization W = X+Y with associated standard sympletic basis of W , we then obtain an identification
• To reserve M p(W ) for Weil's twofold covering group of G = Sp(W ), we denoteG = M p(W ) × µ2 µ 8 to be Weil's eightfold covering group of Sp(W ). Conventionally, forδ ∈G, we always write δ for p(δ). RegardingG = G × µ 8 as a set given by the Rao cocycle (cf.
[Kud96, Theorem 4.5]), we writeδ = (δ, (δ)), with (δ) ∈ µ 8 . • For the hyperspecial compact subgroup K = Sp(2n)(O F ) of Sp(2n), K splits inG if the residue characteristic of F is not 2. Globally, Sp(2n,Ḟ ) splits inG(A).
• Forx,ỹ ∈G,x andỹ commute if and only if x and y commute in G.
• For a maximal split torus T of G, letT be the preimage of the projection map p, one may then define a genuine W G (T )-invariant character χ ψ F ofT as in [Kud96] as follows.
where γ(⋅, ψ F ) is the relative Weil index. Note that this is also compatible with the natural splitting of T inT given by σ Y in [Kud96, Theorem 4.5]
Throughout the paper, we will write det(γ) in place of det(a) with γ = diag{a, t a −1 } for simplicity.
• Let IrrG be the set of isomorphism classes of genuine irreducible admissible representations ofG, and Irr H the set of isomorphism classes of irreducible admissible representations of H.
• For Weyl group, we sometimes abbreviate
when there is no danger of confusion.
local langlands correspondence and multiplicity formula
In this section, we first briefly recall the local Langlands correspondence (abbreviated as LLC) for SO(2n + 1) in the sense of Vogan packets, and the LLC forG via theta correspondence. Then, we would like to check that Shelstad and Arthur's LLC for real forms of SO(2n + 1) are the same as Adams' version. Given the LLC, we will at last recall Gan-Ichino's global multiplicity formula for elliptic tempered A-parameters ofG in L 2 disc (Sp(W ) G (A)) which will play an essential role in our proof of the Main Theorem later on.
2.1. LLC forG: Coarse version. Let H = SO(V ) = SO(2n + 1) be split, so thatĤ = Sp(2n, C) is endowed with trivial W F -action. Note that a key feature of Vogan's LLC is to treat representations π of all pure inner forms H ′ of H simultaneously. Recall that the pure inner forms of H are the groups H ′ over F which are obtained from H via inner twisting by elements in the finite pointed set
As is well-known, the pure inner forms of H are the groups H m = SO(V m ), where V m is an orthogonal space over F with dim(V m ) = 2n + 1 and the same discriminant as V . More precisely,
• If F is non-archimedean and n ≥ 1, there is a unique non-split pure inner form H ′ . In this case, we denote the split H as SO(V + ), while the non-split H ′ as SO(V − ).
• If F = R and H = SO(p, q), then the pure inner forms are the groups
We say φ is tempered if φ(W F ) is bounded. Further, if φ does not factor through any Levi subgroup ofĤ, we say φ is discrete (or elliptic). Such parameters are what we will focus on in this article. Given φ, we define the S-group S φ and the corresponding component group A φ as follows.
Also define the associated L-packet as Π H φ . Now we may state Vogan's LLC as follows.
LLC for SO(2n + 1). There exists a bijective correspondence
where • V m runs over all 2n + 1-dimensional quadratic spaces over F of fixed discriminant;
• Φ is the set of equivalence classes of admissible representations of W D F in Sp(2n, C).
Moreover, the correspondence L V preserves the property of temperedness and discreteness. To be precise, suppose a tempered φ = φ GL ⊕ φ 0 ⊕ φ ∨ GL factors through a Levi subgroupM = ∏ i∈I GL(n i , C) × Sp(2n 0 , C) of the dual groupĤ, where φ GL and φ 0 are the discrete parameters of ∏ i∈I GL(n i ) and SO(2n 0 + 1) respectively. Denote M = ∏ i∈I GL(n i ) × SO(2n 0 + 1), and choose a parabolic subgroup P = M N of H with Levi factor M , then
Furthermore, for σ 1 , σ 2 ∈ Π M φ , the associated R-groups R σ1 and R σ2 of normalized induced representations from σ 1 and σ 2 respectively have the following good properties:
• R σ1 and R σ2 are abelian groups;
• R σ1 ≃ R σ2 .
In particular, I P (σ) is multiplicity-free.
Proof. Note that this has been shown in Arthur's monumental book (see [Art13] ) for p-adic quasisplit SO(V m ), while the real case has been established by Adams-Barbasch-Vogan in [ABV12] .
Recently the non-split case has also been established in [MR17] . As for R-group, one may refer to [Art13] [Chapters 6.5 & 6.6] and [CG16] [Theorem 3.9] for more details.
Note that J. Adams has established an explicit labeling on the discrete part of LLC for SO(2n+1). For our purpose, we need to check the compatibility of these two versions which will be carried out in the next Section 2.2.
On the other hand, Howe's theory of theta correspondence theory provides us a bijection between IrrG and ⊔ Vm Irr SO(V m ), which was established by Adams-Barbasch for real case (cf. [AB98] ), and later proved by Gan-Savin for p-adic case (cf. [GS12] ). Building upon this, we could obtain a LLC forG as follows.
LLC forG. Given the LLC for SO(2n + 1) in the sense of Vogan, takingĜ =Ĥ, then there is a bijective correspondence
where the data are defined as before. Analogously, the correspondence L Θ preserves the tempered property, and the discrete property as well. More precisely, if the tempered φ = φ GL ⊕ φ 0 ⊕ φ ∨ GL factors through a Levi subgroupM = ∏ i∈I GL(n i , C) × Sp(2n 0 , C) ofĤ, where φ GL and φ 0 are the discrete parameters of ∏ i∈I GL(n i ) andG 2n0 = Sp 2n0 respectively. DenoteM = ∏ i∈I GL(n i ) ×G 2n0 , and choose an arbitrary parabolic subgroupP =M N ofG, then
Furthermore, instead of discussing the properties of R-groups forG, we have the multiplicity-one property of the normalized induced representations from discrete series, i.e. forσ 1 ,σ 2 ∈ ΠM φ ,
• IP (σ i ) is multiplicity-free for i = 1, 2; 
, where e i ∶ T → C × is non-trivial only on the i-th copy of SO 2 , on which it is given by the isomorphism
Moreover, {e ∨ i } is the basis of X ⋆ (T) dual to {e i }. By fixing a Borel subgroup B ⊃ T, we may assume the systems of the positive simple roots and coroots are given by: ∆ = {e 1 − e 2 , e 2 − e 3 , ⋯, e n−1 − e n , e n }, ∆
It is equipped with a pairT ⊂B with X * (T ) = X * (T), and X * (T ) = X * (T) and a system of simple roots∆ = ∆ ∨ .
The complex conjugation action on matrices defines an action of Gal(C R) on H, which gives rise to the unique compact real form H c with maximal torus T c = T ∩ H c . The complex and real Weyl groups are equal and given by
n . Here, S n acts on X * (T) by permuting the e i 's and the generator of the i-th copy of Z 2Z in W 0 sends e i to −e i and fixes e j for j ≠ i.
Let us set
Then one has a canonical isomorphism
The Weyl group W (H, T) preserves X and acts through its quotient S n . The isomorphism in (1) is W (H, T)-equivariant. Now let us consider the (pure) real forms of H. Since Out(H) = 1, the set of (pure) real forms of H up to isomorphism is classified by H 1 (R, H), which is known to be equal to
More precisely, each x ∈ X gives a 1-cocycle
and c x is cohomologous to c x ′ if and only if x and x ′ are in the same W (H, T)-orbit. Hence,
determined by the number of nonzero coefficients of x as a Z 2Z-linear combination of the e i 's, or equivalently, the number of +1 when x is regarded as an element of
For each x ∈ X, one has a modified complex conjugation action on H given by:
that gives an associated real form
which is the isometry group of the quadratic form determined by
of discriminant 1. A maximal compact subgroup of H x by complexification given by:
For example, if x ∈ T[2] has p +1's and q -1's as its entries (with p + q = n), then
and its real Weyl group is isomorphic to:
Let h = Lie(H) be the complex Lie algebra of H.
Definition 2.2.1. A representation of a real form of H is a pair (x, π) where x ∈ X and π an
).
Write [x, π] for the equivalence class of (x, π). Now suppose we are given a discrete series L-parameter
We may write:
We may further assume a 1 > a 2 > ⋯ > a n > 0. The centralizer group S φ = ZĤ(φ) is equal to:
Hence S φ and X are in canonical duality in view of (1) and (2). In particular, we have a canonical isomorphism
For each x ∈ X, the work of Harish-Chandra furnishes an L-packet of discrete series representations Π x (φ) of H x . More precisely, set
Then Π x (φ) consists of all discrete series representations of H x with infinitesimal character λ 0 . Indeed, Harish-Chandra associated to each λ ∈ W (H, T).λ 0 an irreducible discrete series representation
where we have disregarded repetitions. If we pick a representative x ∈ X for each W (H, T)-orbit x ∈ X 1 , then we have bijections
We shall call this the Harish-Chandra parametrization, noting that it depends on the choice of representatives x ∈ X forx ∈ X 1 . If the orbitx consists of elements of X = T[2] = µ n 2 with p +1-entries and q -1-entries (with p+q=n), then we shall write the Harish-Chandra parameters of
where {a i1 , ⋯, a ip , a j1 , ⋯, a jq } is a permutation of {a 1 , ⋯, a n }, with a i1 > ⋯ > a ip , a j1 > ⋯ > a jq . J. Adams observed that one can give another parametrization of Π(φ) via the bijection
We shall call this Adams parametrization. In view of the isomorphism (3), this gives a bijection
Under this bijection, the trivial character of S φ corresponds to the irreducible representation of the compact group H c with highest weight λ 0 . On the other hand, if
, then under (5), x b corresponds to the unique generic representation in Π(φ). Since the desiderate of the LLC requires the trivial character of S φ to correspond to a generic representation, this suggests that one should modify the naive bijection (5) (and hence (6)) by translation-by x b . Namely, we have a modified bijection
This is Adams' version of the LLC; we shall see shortly that it agrees with the LLC of Shelstad and Arthur.
The LLC of Shelstad and Arthur uses the Harish-Chandra parametrization (4) as its starting point. Recall that the bijection (4) requires the choice of a representative of W (H, T)-orbits in X. For the orbit associated to the split group, we use the element x b ∈ X, and the generic representation
We have an injection
Note that:
(10)
with x ∈ X giving the 1-cocycle σ → x. Thus, (8), (9) and (10) give
For any other orbitx ∈ X 1 with representative x ∈ X, the complex conjugation action on H associated to H x differs from that for H x b by conjugation-by xx b . This gives a 1-cocycle c x ∶ σ → x ⋅ x b with the associated class [c x ] ∈ H 1 (R, T). Then we have:
Hence, we have a map (bijective)
This map is in fact easily described by:
Lemma 2.2.2. The map given in (13) is given by:
In particular, it is independent of the choice of the orbit representatives x ∈ X forx ∈ X 1 .
Proof. Let us consider the embedding (11) for the split group. If
So the 1-cocycle in question is σ → xx b . The case for the other orbits is similarly treated. Indeed, for the representative x ∈ X, its image under (12) is by definition the 1-cocycle
Thus proves the Lemma.
As a consequence of the Lemma, the map (13) agrees with the map in (7), i.e. the LLC of Shelstad-Arthur agrees with that of Adams. We summarize the above discussion in the following table.
Harish-Chandra Adams Langlands-Shelstad Parameter set for Π
n+2−j k generic (⋯, a n−3 , a n−1 ; ⋯, a n−2 , a n ) x i = (−1) 
, the discrete series L-packet φ also gives rise to an L-packetΠ(φ), consisting of those discrete series representations with infinitesimal character λ 0 . We would like to parametrize the representations inΠ(φ) usingŜ φ ≃ X. One way is to proceed as in the HarishChandra parametrization. If we fix a Whittaker datum forG, there is a unique representatioñ π g ∈Π(φ) which is generic with respect to this Whittaker datum, let's sayπ g has Harish-Chandra parameterλ g . Then one has bijections
n . On the other hand, one could use the theta correspondence to transport Shelstad's LLC for SO 2n+1 to M p 2n . Let us fix an additive character ψ a (x) = e 2πiax of R with a > 0. In [Ada98] , J. Adams showed that the theta correspondence for (SO(p, q), M p(2n)(R)) with respect to ψ a gives a bijection
is the unique ψ a -generic representation inΠ)(φ). Now we have:
Lemma 2.2.3. The two bijections X ←→Π(φ) in (14) and (15) are equal. (where we use the ψ a -Whittaker datum in (14)) Proof. Starting with x ∈ X, the bijection in (15) produces the representation
which has Harish-Chandra parameter given by:
In the bijection (14), the map
is the natural isomorphism (componentwise). If x ∈ X gives rise to w x ∈ W 0 , then
Sinceλ g is the Harish-Chandra parameter associated to x b , i.e.
We summarize this discussion in the following table.
generic λ g (⋯, a n−3 , a n−1 , −a n , −a n−2 , ⋯) Here σ i is the reflection with respect to a i , i.e. σ i (⋯, a i , ⋯) = (⋯, −a i , ⋯). And j varies over the subset {1, ⋯, n} {i 1 , ⋯, i t }.
2.3. Gan-Ichino multiplicity formula. Given the local Langlands correspondence forG, we would like to recall Gan-Ichino's global multiplicity formula for elliptic tempered
. Suppose thatḞ is a number field, with A its associated Adèle ring. Fix an additive character of A Ḟ as in [GL16] . We investigate the multiplicity of any representation of M p 2n (A) in the Ψ-near equivalence subspace L 2 Ψ (M p 2n ) if Ψ is an elliptic tempered A-parameter. As is well known, such Ψ is a multiplicity-free sum of irreducible symplectic cuspidal automorphic representations Ψ i of GL ni (A) as follows:
where Ψ i is of symplectic type for all i. We may then formally define its centralizer as a free Z 2Z-module 
Proof. One may consult [GI17] for details.
endoscopy theory and trace formula
In this section, we recall some results of the endoscopy theory which will be used in the proof of the endoscopic character identities. For full details, please refer to W.W. Li's papers [Li11, Li15, Liar] .
3.1. Endoscopy. Let F be a non-archimedean field of characteristic zero. Fix a symplectic F -vector space (W, ⟨⋅, ⋅⟩) of dimension 2n. Write G = Sp(W ) and its associated metaplectic groupG. Before we continue further, we first recall the parametrization of semisimple conjugacy classes as follows which would be involved in the definition of transfer factor. For details, please refer to [Wal01] or [Li11] .
3.1.1. Regular semisimple conjugacy classes.
• Sp(W ) with dim W = 2n: the regular semisimple conjugacy classes are parametrized by the
-c ∈ K × with τ (c) = −c.
• Split SO(V, q) with dim V =2m+1: the strongly regular semisimple conjugacy classes are parametrized by the following data O(K K # , x, c):
2 ) are equivalent if and only if there exists an Falgebra isomorphism and involution σ ∶ (
3.1.2. Transfer factor. For the convenience of readers, we summarize the properties of transfer factor as follows. For details, one may consult [Li11] .
• (Elliptic endoscopic groups) An elliptic endoscopic datum forG is an ordered pair (n ′ , n
• (Stable conjugacy) Two regular semisimple elementsδ 1 ,δ 2 ∈G are called stably conjugate whenever δ 1 and δ 2 are stably conjugate in G, and Θ ψ (−δ 1 ) = Θ ψ (−δ 2 ). Here Θ ψ is the character of Weil representation ω ψ ofG, and −δ i = (−1) ⋅δ i with (−1) the canonical lift iñ
. We say that two regular semisim-
) ∈ H(F ) correspond in terms of parameters:
In such case, we say (δ, γ) is a norm pair.
• (Transfer factor) For a norm pair (γ,δ) with
where
We define the transfer factor as follows.
where Θ ′ ψ (resp. Θ ).
is a norm correspondence pair, and δ = (δ ν ) ν inG(A), then * ∆ ν (γ,δ ν ) = 1 for almost all place ν; * ∏ ν ∆(γ,δ ν ) = 1. 3.1.3. Transfer of orbital integrals. For x ∈ G, set G x ∶= C G (x) o , and let
(x), similarly for other groups and function spaces. We define the normalized (stable) orbital integral on γ ∈ H reg for
)dg Remark 1. We use the unique Haar measures on G and H such that the measures of G(O F ) and H(O F ) are both 1, and the Haar measures for (H) and (G) are compatible i.e. they are defined via the canonical isomorphisms between the centralizers of regular elements.
As in [Liar] , we set
c (H n ′ ,n ′′ (F ))}; I cusp (G) −− ∶= the subspace in I(G) −− of elements supported on the elliptic set, SI cusp (H n ′ ,n ′′ (F )) ∶= the subspace in SI(H n ′ ,n ′′ (F )) of elements supported on the elliptic set. Note that these spaces consist of certain functions on semisimple regular conjugacy classes. The following big theorem is the culmination of the fundamental work of W.W. Li [Li11, Liar] plus an -contribution of the author [Luoar] .
Theorem 3.1.1. a transfer pair for (G, H(F ) ).
(ii) (Fundamental Lemma) Suppose the residue characteristic p is not a power of 2,
More generally, there is a natural algebra homomorphism
of (anti-genuine) spherical Hecke algebras such that for anyf ∈ H(G) −− , one may take f
is an isomorphism. Moreover, this isomorphism is an isometry under the natural elliptic inner product (see 
In such case, we denote (I ′ , I ′′ ) to be a partition of I such that n
(F ) be the element of order 2 defined by
), we define f s0 to be the twisted function by z[s 0 ] as follows. (G(Ḟ ) ) be the set of representatives for the elliptic regular semisimple conjugacy classes in G(Ḟ ), Σ G−rel (H(Ḟ )) the set of representatives for the elliptic Gregular semisimple stable conjugacy classes in H(Ḟ ); similarly for other groups.
Definition 3.2.1.
• Forf ∈ C ∞ c (G(A)) −− , we define the elliptic regular part of the trace formula in [Li15] forf by TG rel (f ) as follows.
where O δ (f ) = ∏ ν Oδ ν (f ν ) with δ = (δ ν ) ν inG(A), forf = ⊗ νfν , and τ (G δ ) is the Tamagawa number of G δ which equals to 1.
• Suppose H is an endoscopic groups ofG. For f (H(A) ) is chosen for each given elliptic endoscopic group H ∶= H n ′ ,n ′′ . Then we have • At some finite place v 0 , f is supercuspidal.
• At another finite place v 1 , f v1 is supported on the elliptic regular semisimple locus of H v1 .
where m(π) is the multiplicity of π in L • At another finite place v 1 ,f v1 is supported on the elliptic regular semisimple locus ofG v1 .
where m(π) is the multiplicity ofπ in L 2 cusp (G(Ḟ ) G (A)). Our last input is Arthur's stable multiplicity formula for split SO(2n + 1). But for our purpose, we only need the following simple forms. + 1) , we denote S Ψ to be the global component group associated to Ψ inL = Sp(2n, C) which is a finite abelian 2-group. Then for any f = ⊗ ν f ν ∈ H(SO(2n + 1)), we have
Moreover, if Ψ factors through an elliptic endoscopic group L ′ ∶= SO(2n
we further have (i) If Ψ = Ψ 1 ⊕ Ψ 2 factors throughL ′ in a unique way up toL ′ -conjugation, then for test functions
(f (ii) If n ′ = n ′′ , and Ψ = Ψ 1 ⊕ Ψ 2 factoring throughL ′ in two ways up toL ′ -conjugation, i.e.
(iii) In general, we denote by Ψ(L ′ , Ψ) the set of equivalence classes of A-parameter Φ of L ′ which gives rise to the A-parameter Ψ of L. Then we have
where ? = 2 if n ′ ≠ 0 and n ′′ ≠ 0, and ? = 1 otherwise.
Building upon the above trace formulas, we shall obtain a simple stable trace formula forG as follows. 
• at another finite place ν 2 ,f ν2 is supercuspidal and • at an extra finite place ν 3 ,f ν3 is supported on the regular semisimple, elliptic locus ofG ν3 .
For such test functions, we obtain a spectral simple stable trace formula forG with respect to an elliptic tempered A-parameter Ψ ofG as follows.
Here f H n ′ ,n ′′ is the associated transfer function on H n ′ ,n ′′ .
Proof. Given the simple test functionsf , the simple trace formula ofG gives rise to
Similarly, the simple stable trace formula [Liar, Theorem 8.1.4] gives
Thus the geometrical stable trace formula in Theorem 3.2.2 gives rise to a spectral stable trace formula (see [Liar, Theorem 8.1 .4])
On the other hand, following Arthur's standard procedure on extracting the Ψ-part of the stable trace formula (cf. [Art13, Chapter 3]), Gan-Ichino's global multiplicity formula for Ψ (see Theorem 2.3.1) says that
On the other hand, Arthur's stable multiplicity formula (see Theorem 3.2.3) says that,
Here ? = 2 if n ′ n ′′ ≠ 0, otherwise ? = 1. Whence the corollary holds.
Remark 2. As pointed out by the referee, it is a priori possible for all supercuspidal test functions ofG to be transfered to zero for a particular H. To overcome this difficulty, we apply Gan-Ichino's result on the no-embedded eigenvalues property for Ψ (see [GI17, Remark 1.2]). We may then weaken our supercuspidal condition onf ν2 to be just cuspidal. This is the right version stated as follows which we would use later on. • at an extra finite place ν 3 ,f ν3 is supported on the regular semisimple, elliptic locus ofG ν3 .
Here f H n ′ ,n ′′ is the associated transfer function of H n ′ ,n ′′ .
Proof. The only difference is that, under this weaker test function condition, Equation
where the first sum runs over associated classes of standard Levi subgroups of G. We refer the reader to [Li14b, Art05] for the precise definitions of other terms in the formula above. Applying Gan-Ichino's result on the no embedded eigenvalue property for Ψ (see [GI17] ), we know that only the term M = G contributes to the Ψ-part, which in turn gives rise to the above Equation (⋆⋆ ′ ).
Then the corollary follows from the same argument as in Corollary 3.2.4.
Transfer of parabolically induced representations
Recall that F is a local field of characteristic 0. In this section, we begin the proof of our Main
Theorem by induction on the rank ofG 2n = Sp 
H is a tempered Lparameter of H which is not a discrete series. We shall establish the Main Theorem for such φ H 's in this section. The case when φ H is discrete series will be addressed in the next section.
4.1. Borel subgroup. We first consider the case when
factors through a maximal torusT H (C) ofĤ(C). In this case, the associated L-packet of H consists of a principal series representation induced from a character of
of the diagonal maximal torus T H , and let
be the associated principal series representation. Note that the associated character distribution is stable as normalized induction preserves stability. In particular, we may consider its endoscopic
On the other hand, the norm correspondence of their split tori is
We denote by
Hence, if γ ←→ δ under the norm correspondence, we have
. Before going to the endoscopic transfer, we make an observation about the transfer factor of W.W. Li concerning the split torus (cf. [Li11] ).
Lemma 4.1.1. For each norm correspondence pair (γ, δ) ∈ H(F ) reg × G(F ) reg with (γ, δ) lying in the split torus, we have:
whereδ = (δ, (δ)) with (δ) ∈ µ 8 , and γ(⋅, ψ) is the relative Weil index (see [Kud96] ).
Proof. Note that we have a splitting section T G →G given by δ → (δ, γ(det(δ), ψ)),
where Θ ψ is the Harish-Chandra character of the Weil representation associated to ψ. By [Li11, Proposition 5.11], we have
) and q[C δ ′ ] is a quadratic form associated to the Cayley form C δ ′ (see [Liar, P.544] 
whence the lemma holds.
Consider the particular genuine representatioñ
where χ ψ is the genuine character ofT G defined by
Now we have:
Proposition 4.1.2. The Harish-Chandra characters Θ π and Θπ satisfy the following character relation for matching test functionsf ∈ C ∞ c (G) −− and f
where φ ′′ is the L-parameter corresponding to I
, and (1 2, φ ′′ , ψ) is independent of ψ. In particular, for unramified characters µ H ,
Proof. By the Weyl integration formula, we have, see [CG15, Section 5.8]) for the details,
Note that, by Lemma 4.1.1, we have the transfer pairing identity
Therefore we have 
By composition with the embedding
we have a tempered L-parameter φ = ι ○ φ H ofG which factors through the Levi subgroupM ofĜ:
We may write φ = φ GL × φ 0 , where φ GL denotes the GL-part of φ and φ 0 denotes the Sp 2n0 -part. As a 2n-dimensional representation, we have:
GL . Now observe that M H is an endoscopic group of M which is determined by an element s 0 ∈ S φ0 = Z Sp2n 0 (φ 0 ) with s 2 0 = 1 via:M H = ZM (s 0 ). Likewise, the endoscopic group H ofG is associated to an element s ∈ S φ with s 2 = 1. We shall sometimes write:
The element s is determined by the tuple (s 0 , I ′ , I ′′ ) via:
Moreover, there is a natural commutative diagram:
Observe that, in general, s ≠ ι(s 0 ), but one has
wheres ands 0 are the images of s and s 0 in A φ and A φ0 respectively. We now consider the L-packets associated to φ H and φ. By our discussion in Section 2.1, we have: Π We have seen before (see Section 2.1) that the above induced representations are multiplicity-free. Hence, we have:
Likewise, in view of (17) and (18) above, we have:
where the last equality follows from the fact (see [GS12, Theorem 1. Theorem 5.0.1. Use the same notations defined above, we then have:
♢ is a genuine character ofT (cf. [Liar, Ren99] ) and κ T is the endoscopic character of T associated to H
In what follows, we reformulate the above character identities to fit into our Main Theorem. For this purpose, we will use the explicit local Langlands correspondence for M p(2n)(R)à la J. Adams which we have discussed in Section 2 (see also [Ada10, Ada98] ). Now we can start proving the expected endoscopic character identities for (H,G) at real places. We first transfer our HarishChandra parameter λ
Note that in Theorem 5.0.1, we have:
Note also that our expected character identity can be expressed as summation over w ∈ W G C W K C via the local Langlands correspondence forG as follows.
(20)
Here s ∈ S φ with s pi = 1, s qj = −1, and χ w −1 is the character of S φ associated to w −1 under the LLC forG in Table 2 .2. Comparing the Formulas (19) and (20), it suffices to prove that
Observe that for w = ∏ 
Here χ w,⋅ stands for the corresponding component of χ w . Thus we obtain
Also we have
and by [Kna94, Theorem 3]), we have
Therefore the right-hand side of Formula (22) equals
For the left-hand side, we know ww
and the canonical element −1 2q0 ∈ Sp(2q 0 ) acting on Weil representation by -1 is
So we have
Thus the left-hand side of Formula (22) equals
which really equals the right-hand side of Formula (22), whence the expected character identity holds. Before turning to the local-global argument, we first summarize some necessary inputs.
6.1. Globalization. The input we need is the globalization of a local discrete L-parameter with prescribed local properties.
Lemma 6.1.1 (Globalization of local field). ([Art13, Lemma 6.2.1]) Let F be a p-adic field, and r 0 be a positive integer. Then there is a totally real number fieldḞ with the following properties:
•Ḟ ν0 = F for some finite place ν 0 ofḞ .
• There are at least r 0 Archimedean places onḞ .
W may globalize our local data (G ν0 , ψ ν0 , < ⋅, ⋅ > ν0 ) to be (G, ψ, < ⋅, ⋅ >) as in [Liar, Proposition 8.4.1]. Let H = SO(2m+1) be a split special orthogonal group defined over Z, and S be a non-empty finite set of finite places ofḞ . Recall thatḞ S = ∏ In what follows, we take S to be a sufficiently large finite subset of VḞ consisting of finite places ofḞ . Fix a discrete series representation π νi for each ν i ∈ S, and fix a discrete series L-parameter φ ∞i in general position in the sense of Arthur for each ∞ i ∈ V ∞ (see [Art13, Lemma 6.2.2]).
Corollary 6.1.3 (Globalization of L-parameters). There exists an elliptic tempered global A-parameter Ψ of H such that
• Ψ νi is the discrete series L-parameter associated to π νi for each ν i ∈ S, • Ψ ∞i is the fixed discrete series L-parameter φ ∞i for each ∞ i ∈ V ∞ and • Ψ is unramified at the remaining finite places. (f H ν3 ) ≠ 0 for some discrete L-packet.
• for other ν ∈ S, we take (f ν , f Applying the simple stable trace formula i.e. Corollary 3.2.5, we have:
Note that Θ η1 (f ∞1 ) = 1 S Ψ∞ 1 η 1 (s), Θ ηi (f ∞i ) = 1.
So the left-hand side of Formula (23) equals
(1 2, Ψ s=−1 , ψ)
Here the ratio Combining both sides together, we have:
(1 2, Ψ s=−1 S , ψ)
Note that this formula is meaningful as the right hand side is non-zero by the choice of test functions. This is our auxiliary equation which will be used later on.
Picking test functions II: ν 0 ∉ S and ν 0 ∤ 2 . Fix a new S new ∶= {ν 0 } ∪ S with S being the old S as above. For all ν ≠ ν 0 , we put the same restrictions as above, and impose the same conditions on the test functionsf ν . To get a global A-parameter as above, we take the ν 0 -component to be our target discrete series L-parameter, and denote by Ψ ′ the derived global A-parameter ofG.
Run the same procedure for the new S and Ψ ′ withf ν0 arbitrary, and write out terms associated to S new in terms of ν 0 and the old S, we get an analogous formula as Formula (AUXILIARY), i.e. our target equation:
(TARGET) By the non-vanishing property of Formula (AUXILIARY), we get, via an easy comparison of Formula (AUXILIARY) and Formula (TARGET),
(1 2, Ψ ′s=−1
ν0
, ψ)
Whence we have finished the proof of the Main Theorem for the cases n ′ ≠ n ′′ and ν 0 ∤ 2.
6.3. Cases n ′ = n ′′ and ν 0 ∤ 2. Now let us come back to the case n ′ = n ′′ and ν 0 ∤ 2. In this case,
we write H = H 1 × H 2 with H 1 = H 2 = SO(n + 1) (n is even), and denote our target discrete series L-parameter φ = φ 1 × φ 2 . Note that if φ 1 ≃ φ 2 , then we can adapt the same argument as in cases n ′ ≠ n ′′ with minor modifications as follows.
• All the choices of test functions and fixed local L-parameters are the same as in cases n ′ ≠ n ′′ .
Instead of getting global A-parameters Ψ and Ψ ′ factoring uniquely throughĤ, we find that 
• Therefore our auxiliary equation should be 
